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ABSTRACT
We introducea novel algorithmfor transposition-invariantcontent-
basedpolyphonicmusic retrieval. Our SIA(M)ESE algorithmis
capableof finding transpositioninvariant occurrencesof a given
template, in a databaseof polyphonicmusiccalleda dataset. We
allow arbitrarygapping, i.e., betweenmusicaleventsin thedataset
that have beenfound to matchpoints in the template,theremay
be any finite numberof other intervening events. SIA(M)ESE
canbeimplementedsothat it findsall transposition-invariantcom-
plete matchesfor a

�
-dimensionaltemplateof size � in a

�
-

dimensionaldatasetof size � in a worst-caserunning time of��� � ����� � �
	������� ; anotherimplementationfinds even the in-
completematchesin

��� � ����	��� � ������� time. The algorithm is
generalizableto any arbitrary, multidimensionaltranslationinvari-
antpatternmatchingproblem,wheretheeventsarerepresentableby
pointsin amultidimensionaldataset.

1. INTRODUCTION
The SIA algorithm[5] is intendedfor the inductionof significant
structuresfrom (musical)databases.However, it can straightfor-
wardly be modifiedfor usein searching for patternsin databases,
makingassessmentcomparisonsbetweendatasets.In thecontent-
basedmusicretrieval (CBMR) application,ourmatchingalgorithm,
which we call SIA(M)ESE, performsto a level comparablewith
other, morerestricted,algorithmsbasedon, for example,dynamic
programming(DP) working within an edit distanceframework [2,
3, 4]. Specifyingtheproblemasoneof stringmatchinghasintrin-
sic drawbacks: in general,thereis no naturalway of representing
polyphonicmusicexactly with linearstrings(exceptin certainspe-
cific cases). Specifically, the string-basedmethodsrely on linear
contiguity betweensuccessive symbolsin a string, andthe notion
of co-occurrenceis somewhat vague. Either of theseconstraints
is enoughto precludestraightforwardrepresentationof polyphonic
databases.However, SIA(M)ESE efficiently andeffectively pro-
cessespolyphonicmusicandproducesmoreusefulinformationthan
the DP methods. In this paper, we introducethe functionality of
SIA(M)ESE andhow it canbe adaptedto simulateother related
algorithms.

2. THE NEW ALGORITHM
We expressthe functionalityof SIA(M)ESE by usinglogical for-
mulaeto make it easierto understandtheidea. This stageis called
SIA(M), for SIA(Matching). SIA [5] is expressedby theequation
(1), below. Let � representthetranspositionvector. Thenthestruc-
tureset � is computedfrom thedataset,� , beingany setof points
with any numberof dimensions.Thedimensionsmaybemeasured
on any finitely expressiblemetricsolong asit is possibleto give a
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totalordering,� , onall thepointsin thevectorspacedefinedby � .

� � ����� �! �#"�$&%(' �*),+ $-�/.�0 (1)�*),+ ���21 �*) � � + ���31 �*) � ) � �4��5
Theideais to find all themaximalsubsetsof � , whicharetranslated
by a non-zerovector, � , in thespacedefinedby � ’s dimensions,to
anothersubsetof � . The ordering, � , preventswastageof effort
andduplicationof resultsby removing repetitionundersymmetry.
The output, 6 , is in the form of a set of  vector,point-set% pairs,
relatingeachsubsetto thevectorwhich translatesit.

In SIA(M),wecomputethematchset7 using(2), from atemplate
set, 8 , whoseoccurrencesin thedataset,� , we wish to find:

7 � �! �#"�$&%(' �*),+ $-�9.�0 (2)�*):+ 8��;1�<>= ��� = + ���21 �*) � �@?A=B����5DC
Therearejust two smalldifferencesbetweenthesepairsof defini-
tions. Themoresignificantis thatin SIA(M), thevectors,� , arenot
specifiedin termsof two points,

)
and

) � � , in � orderedunder �
to avoid duplicationundersymmetryasin (1). Rather, thevectors
aregeneratedfrom two separatesetsof pointsinhabitingthesame
vectorspace:the template,8 , andthedataset,� . Theseparation
of thesetwo setsmeansthat the efficiency measureof removing
equivalentsundersymmetryin generating8 nolongermakessense,
thusabsenceof the � termof (1) in (2). Theotherdifferenceis that
in (2) a morerelaxednotionof comparisonis admitted.

In thesimplestcasewheretheaim is to find anexactoccurrenceof8 in � , ? in equation(2) is definedasidentityandanoccurrenceis
foundif andonly if condition <4E ���  �B"FEG% + 7H�31 � ' EI'>�G�J���
is alsosatisfied.

It turns out that the expressionsabove can be implementedvery
efficiently so that finding all transposedcompletematchesfor a�

-dimensionaltemplateof size � in a
�
-dimensionaldatasetof

size � can be done in a worst-caserunning time of
��� � ���K�� �L	������� , anotherversionfinds even the incompletematchesin��� � ���L	��� � ������� time. Therefore,wecall theimplementingalgo-

rithm SIA(M)E, for SIA(M) Express.

3. FINDING MATCHING DATA
To reasonaboutthestructuresproducedby theSIA(M)E algorithm
to generatedescriptionsof matcheswith particularpropertiesbe-
tweena templateanda dataset,we introducethenotionof a cover.
This allows us formally to describethe correspondingelementsin
a match,andsomeusefulpropertiesof coverswhich canbe used
to determineparticularkinds of match. Theprocessworks by se-
lectingcoversof a template8 from 7 underaheuristicevaluation
function composedfrom variouspossibleelements.Sincewe are
now addingSelectionand Evaluation to SIA(M)E, we call this
completedalgorithmSIA(M)ESE.

3.1 Pattern Cover for a Matching Subset
Having computed7 , wesearchin it for acoverof 8 . Theintuition
behindthe cover is that we want an optimal (in someappropriate
sense)set of fragmentarymatchesto our template, 8 , such that
eachdatapointin eachof (the largestpossiblesubsetof) 8 andthe
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matchingsubsetof 7 is accountedfor exactly once. So a cover
describesaone-to-onemappingbetween(thelargestpossiblesubset
of) 8 andthatsubsetof 7 againstwhich 8 hasbeenmatched.

Statedmoreformally, acandidatecover M isasetof  vector,datapoint-
set% pairs(viz.,asubsetof 7 ), theintersectionof whosedatapoint-
setsis empty, andnoneof whosedatapoint-setscontainsadatapoint
which maps,underthe translationof its associatedvector, to the
samepoint asa memberof a differentdatapoint-setin M underthe
translationof its own respective vector:��� MONP7H�Q1�R �BST" �>U�"V$:ST"�$�U �  �#SW"�$:SX% + MY�Q1�  � U "�$ U % + MY�21 � � SYZ� � U ���[ \ < ) SW" ) U ���*) S + $�SX�Q1 �*) U + $�U]�21 ���*) S�� ) UT�2^�*) S9� �#S_� ) U/� �>U]����� (3)

Thecover, ` , is thesetof suchpairstheunionof whosedatapoint-
setsis thelargestoutof thecandidatecovers.

However, (3) will typically generatemany covers, with different
structuralproperties.Weneedto beableto pick anappropriateone.
Often,wewill wantto usethesmallestcover– thatis, theonewhich
dividesthepatternup into fewestsegments.This is becausewe are
working undertheassumptionthatour datawill becoherentwhere
it doesnot containerrors,andbecausewe want to find theclosest
matchin thecasewherethereis not a uniquesolution. In general,
it will be infeasibleto find the absolutelysmallestcover. Instead,
we usean algorithm which is a straightforward specializationof
bestfirst search.In coherentcases,this techniqueis efficient, even
thoughit is search-based,asthedatasubsetswill belarge,andsoit
will berelatively easyto assemblea completematch.

Inferring Matches and Differences. However, theremaybesev-
eralsmallestcovers,andthey mayhave differentpropertieswhich
maybeusefulin differentcircumstances.In thecontext of CBMR,
wewouldwantthesetsin ourcovertomatch(almost)time-contiguous
setsin thedata,sothatthey constitutea completemusicalunit. We
call thesethe time-minimalandthe time-maximalsmallestcovers,
respectively. Notethatwhile theseandotherdata-dependentprop-
ertiesmight be built in to the basicalgorithmsfor SIA(M) (and
SIA) we have chosento keepthemseparatefrom thesymmetrical
multidimensionalspecificationfor reasonsof clarity andneatness.

4. SIMULATING RELATED ALGORITHMS
In the literature, thereare only a few CBMR algorithmscapable
of matchingpolyphonicdata. In certaincases,someof thosemay
be moreefficient thanSIA(M)E (as,e.g.,MONOPOLY in finding
exactoccurrencesof amonophonictemplatein polyphonicdataset).
However, we claim that noneof them is as flexible andversatile
CBMR algorithmasSIA(M)E. In the following, we illustratethis
by showing how the working of the previous CBMR algorithms
canbesimulatedby usingSIA(M)E (without theneedof changing
its original time complexity). This is not the casethe otherway
around:noneof thepreviousalgorithmscansimulatetheworking
of SIA(M)E, at least,not without majormodificationleadingto a
considerableincreaseof time complexity.

Gapping Simulation. Eventhoughit is anadvantageto beableto
dealwith unlimited gaps,if desired,we cansimulatethe gapping
usedin [1, 2] with SIA(M)E. In this case,we usea mechanism
thatwe call labelling. We definea label to beanattributeattached
to every datapoint, but which is not beingconsideredasanother
dimensionby SIA(M)E. Thus,weareableto representdimensions
not exhibiting translationinvariance.

In this case,SIA(M)E attachesan extra label, a �cb � , for each
two-dimensionalpoint

b
in thedataset(the labellingmechanismis

naturally generalizableto any n-dimensionaldataset). Let dfe �cb �
denotetheonsettimeof datapoint

b
. Themappinga is asurjection

to a range g>"TCWCWCX"��2h , such that a �cb S ��ija �cb U � if and only if
the onsettime of datapoint

b S occurslater than that of
b U , anda �cb S �k�la �cb U � if and only if dfe �cb S �k�Hd�e �cb U � . Moreover, ifb S and

b U aretwo datapointssuchthat dfe �cb Sm�
nod�e �cb UT� andthere
exists no datapoint

b
such that dfe �cb SF��npd�e �cb ��npd�e �cb UT� thena �cb U �/�Aa �cb S �Q�rq .

Now, the modificationto SIA(M)E is slight. Recallthe formulae
above. Having calculatedequations(2), insteadof observingif
thereis an E in 7 suchthat ' EI's�G� , thetruth of thefollowing
sentenceshouldbeobserved:

<>$ ���  �B"t$&% + 7H�;1 � ' $u'D�r�&� (4)v�w�xXyDz�{ |~} �X� < b U ���cb U + $-�Q1 � ' a �cb UT���Ka �cb SX�X's�Pe������
where � � $," �4� denotesthe setof datapointsin the datasetthat is
equaltothetranslationof $ by � ande is theallowablegap.Whereas
the allowing of a parametrizedspacingmakesthe string matching
approachmore complex, for SIA(M)E it doesnot have suchan
affect; it causesonly aminor practicaloverheadfor theexecution.

Multiple Simultaneous Templates. Simultaneoussearchingfor
multiple musicaltemplates,consideredin [3], can alsobe solved
with SIA(M)E. Let 8 S3�T�W� 82� bethe � templatesto besearchedfor
in � , simultaneously. With SIA(M)E, thesolutionis verystraight-
forward; it needsno modificationto theproblemspecificationnor
to the implementation.We simply considerthe numberingof the
templatesasanotherdimensionto theproblem.Becausethepoints
in thedatasethave a constantvaluealongthis dimension,it is not
possiblefor any two points

b;�
and

bs�
of two distincttemplatesto be

translatablewith thesamevector.

5. CONCLUSION
Wehaveaintroducedthefunctionalityof anovel efficientandversa-
tile transpositioninvariantCBMR algorithmfor polyphonicmusic.
Indeed,SIA(M)ESE is generalizableto any arbitrary, multidimen-
sional translationinvariant patternmatchingproblem, where the
eventscanberepresentedby pointsin a multidimensionaldataset.
Thus,e.g.,it is alsoapplicablein matchingbit-mapimages.All the
detailsof SIA(M)ESE will appearin a completemanuscript.
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